We describe the quantum mechanical spreading of a Gaussian wave packet by means of the semiclassical WKB approximation of Berry and Balazs. We find that the time scale τ on which this approximation breaks down in a chaotic system is larger than the Ehrenfest times considered previously. In one dimension τ = 7 6 λ −1 ln(A/h), with λ the Lyapunov exponent and A a typical classical action.
We describe the quantum mechanical spreading of a Gaussian wave packet by means of the semiclassical WKB approximation of Berry and Balazs. We find that the time scale τ on which this approximation breaks down in a chaotic system is larger than the Ehrenfest times considered previously. In one dimension τ = 7 6 λ −1 ln(A/h), with λ the Lyapunov exponent and A a typical classical action. According to Ehrenfest's theorem [1] , the propagation of a quantum mechanical wave packet is described for short times by classical equations of motion. The time scale at which this correspondence between quantum and classical dynamics breaks down is called the Ehrenfest time. If the classical dynamics is chaotic with Lyapunov exponent λ, then the Ehrenfest time τ is of order λ −1 ln(A/h) (with A a typical classical action of the dynamical system) [2] . There is actually more than a single Ehrenfest time, corresponding to different types of semiclassical approximations. Although they differ only by a numerical coefficient, τ i = c i λ −1 ln(A/h), the structure of the wave function changes qualitatively from one time scale to the next.
Up to a time τ 1 , with c 1 = 1/6, the initial coherent state will retain its Gaussian form with vanishing error in the limith → 0 [3, 4] . For longer times up to τ 2 , with c 2 = 1/2, the uncertainty in position and momentum of the particle remains small but the phase space structure of the wave packet deviates strongly from a Gaussian. For times greater than τ 2 the wave function no longer has the form of a wave packet (this is the "mixing regime" of Refs. [5, 6] ), but up to a time τ 3 it can still be described semiclassically by the time-dependent WKB approximation of Berry and Balazs [7] . As we will show in this paper, the WKB representation implies c 3 = 7/6 for a single degree of freedom (with simple generalizations for higher dimensions). This is larger than the value c 3 = 2/3 obtained by Bouzouina and Robert [6] from a different semiclassical approximation.
Let us start with the Gaussian one-dimensional wave packet
Initially β(t = 0) = 0 and α(t = 0) = p F /L, where p F and L are the typical classical momentum and length. The typical classical action is A = p F L. The parameters x 0 (t), p 0 (t) follow the classical trajectory forh ≪ A. We will measure momentum and coordinate in units of p F and L, respectively, so that α(0) = 1 and A = 1.
For chaotic dynamics with Lyapunov exponent λ one has α(t) ∝ exp(−2λt), hence α ≪ 1 for t ≫ 1/λ. To describe the time evolution in phase space we consider the Wigner function
The wave packet is centered at x 0 (t), p 0 (t) and for α(t) ≪ 1 becomes highly elongated and tilted with slope ∆p/∆x ≈ β. It has length l = h(1 + β 2 )/α and width l ⊥ = hα/(1 + β 2 ), so that the area in phase space is conserved exactly, l l ⊥ =h. The Gaussian quantum wave packet satisfies the classical Liouville theorem. The Gaussian form (1) takes into account the elongation of the wave packet, but not the curvature that develops in time and results in a bending of the packet. To describe the curvature we add an imaginary cubic term in the exponent in Eq. (1),
(For simplicity we have put x 0 = 0.) The cubic term leads to an appreciable phase shift over a length l
the Wigner function takes again a simple form, in terms of the Airy function Ai:
One can check that
, by means of the identity lim ε→0 Ai(z/ε)/ε = √ πδ(z). At finiteh the wave packet is extended along the curved line p = p 0 + βx + γx 2 . Since p, p 0 , x are of order unity, the two parameters β and γ are of order unity as well (in contrast to α, which is ≪ 1). The transverse width is of order
The length of the packet remains at l ≈ h(1 + β 2 )/α. Since now l l ⊥ ≫h, the Liouville theorem no longer holds.
To obtain the Ehrenfest time we parameterize time as
The classical limit for a chaotic system meansh → 0, t → ∞ at fixed c. Different coefficients c follow from different semiclassical approximations. If we use the Gaussian wave packet (1), without the cubic term to account for the curvature, then we need α(t) ≫h 1/3 γ 2/3 . Since α ∝ e −2λt ∝h 2c we need c < 1/6. The upper limit of c gives the first Ehrenfest time τ 1 = 1 6 λ −1 ln(1/h). The classical limit can be reached for longer times if we use the wave packet (3), including the cubic term. The dimensions of the packet for t > τ 1 scale withh as
For c < 1/2 the length of the packet approaches zero in the classical limit. This upper limit of c gives the second Ehrenfest time τ 2 = 1 2 λ −1 ln(1/h). For t > τ 2 the length of the wave packet exceeds the size of the system and is no longer small compared to the radius of curvature. For these large times we may adopt the semiclassical WKB approximation of Berry and Balazs [7] . Consider a curve in phase space p(x) and a phase space distribution ρ(p(x), x). Both p and ρ evolve in accordance with classical equations of motion. For t > τ 2 the function p(x) is multivalued with an exponentially large number of branches ∼ exp[λ(t − τ 2 )]. The quantum wave function in this "mixing" regime has the form
The summation over k accounts for the different branches of the multivalued function p(x). The two functions f and σ are related forh → 0 to p and ρ by the correspondence principle,
An explicit description of the evolution of the wave function (8) for quantum maps may be found in Ref. [8] .
Near the point x b at which p(x) bifurcates into two branches, one has
up to an overall phase. The phase difference between the bifurcation points can be determined from Eqs. (8) 
We have made a Taylor expansion of σ(x ± y/2) and neglected the difference between f (x ± y/2) and f (x). If we parameterize time as in Eq. (6) we have for both l and l ⊥ the same scaling withh as in Eq. (7). The range of validity of Eq. (8) is limited by the condition that different branches should be distinguishable. This requires that the different parts of the curve p(x) in phase space should not get closer than l ⊥ . Their spacing is of order 1/l (assuming a uniform filling of phase space), hence
The upper limit of 7/6 for c leads to the third Ehrenfest time,
The third derivative σ ′′′ in Eq. (11) vanishes at the points of inflection of the curve p(x). In order to find the Wigner function there one should expand σ(x ± y/2) up to terms of order y 5 . This leads to a different scaling l ⊥ ∝h 4/5 of the width of the Wigner function near the inflection points. Because these are isolated points, they will not contribute to the matrix elements of nonsingular operators (containing only smooth functions of x and p). This different scaling should therefore not affect the Ehrenfest time (13) .
The nondiagonal contributions W km to the Wigner function lead to the "ghost curves" discussed in Ref. [9] . The Wigner function near these curves is given by the same Airy function as in Eq. (11), but in addition acquires a strongly oscillating factor. Due to these oscillations the nondiagonal terms do not contribute to the matrix elements of nonsingular operators. (They may play a role in the decoherence by the environment [10] .) At t > ∼ τ 3 the ghost curves merge with the (multivalued) curve p(x) and become indistinguishable.
The time scale (13) for the breakdown of the WKB approximation is greater than the Ehrenfest time 2 3 λ −1 ln(1/h) in the mixed regime obtained in Ref. [6] . That shorter time scale may signal the breakdown of the series expansion σ k (x) → j=0 σ kj (x)h j . Then Eq. (9) would no longer hold, but for t < τ 3 the representation (8) with a renormalized function σ k (x) would still be valid.
So far we have discussed a one-dimensional (1D) chaotic system, which in general can be represented by an area preserving map [8] . A familiar example is the kicked rotator [11] . For mesoscopic quantum dots, however, a more relevant model is the d-dimensional (d = 2, 3) Schrödinger equation with a smooth potential V ( r). The Gaussian wave packet then takes the form
Here S is the action for the classical trajectory r 0 (t) and we have defined p 0 = m˙ r 0 , x = r − r 0 , ζ ln = β ln + iα ln . As before, we rescale momentum and coordinate such that the typical classical action A = 1. Initially, ζ ln ≃ iδ ln . Similarly to the one-dimensional case, α ln defines the form of the packet in coordinate space and β ln = ∆p l /∆x n give the angles in phase space. Substituting the wave function (14) into the Schrödinger equation one finds Newton's equation of motion for r 0 . The spreading of the wave packet in phase space is described by ⊥ to m i with d + 2 ≤ i ≤ 2d. The two unit eigenvalues m d = m d+1 = 1 contribute another factor √h each to the total volume V in phase space covered by the wave packet:
The available area V max is restricted to a shell of constant energy with thickness √h , hence V max ∝ √h . We require V < ∼ V max for the semiclassical approximation, which leads to the Ehrenfest time
In conclusion, we examined different time scales τ i = c i λ −1 ln(1/h) for the breakdown of different types of semiclassical approximations. These Ehrenfest times differ only by a numerical coefficient c i , which may seem insignificant. However, this difference is actually a signal of a different power law scaling withh of the volume V in phase space covered by the wave packet. For short times Liouville's theorem dictates V ∝h. For long times [parameterized as t = (c/λ) ln(1/h)] the WKB approximation gives V ∝h 7/6−c for a one-dimensional quantum map (such as the kicked rotator) and V ∝h 7d/6−1/6−c for a d-dimensional conservative system. These different power laws reflect the fundamental change in the structure of the wave function with increasing time and should therefore have observable consequences. Two possible applications are the Loschmidt echo [12] and the quantum shot noise [13] , where the Ehrenfest time plays a key role.
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